We study the photo-association of Bose-Einstein condensed atoms into molecules using an optical cavity field. The driven cavity field introduces a new dynamical degree of freedom into the photoassociation process, whose role in determining the stationary behavior has not previously been considered. The semiclassical stationary solutions for the atom and molecules as well as the intracavity field are found and their stability and scaling properties are determined in terms of experimentally controllable parameters including driving amplitude of the cavity and the nonlinear interactions between atoms and molecules. For weak cavity driving, we find a bifurcation in the atom and molecule number occurs that signals a transition from a stable steady state to nonlinear Rabi oscillations. For a strongly driven cavity, there exists bistability in the atom and molecule number.
I. INTRODUCTION
Molecules can not be directly cooled using the laser cooling techniques that led to BoseEinstein condensation of alkali atoms because of the complex rotational-vibrational spectrum of the molecules. As a result, two-color Raman photoassociation and Feshbach resonances have emerged as tools to create translationally cold molecules starting from ultra-cold atomic gases. The conversion of a macroscopic number of quantum degenerate atoms into molecular dimers starting from either a Bose-Einstein condensate (BEC) [1, 2, 3, 4] or a Fermi gas [5, 6, 7, 8] has been observed by several experimental groups using Feshbach resonances.
This work culminated in the formation of a molecular Bose-Einstein condensate (MBEC) [9, 10] .
Although Feshbach resonances have been the most successful tool for creating quantum degenerate gases of molecules, experiments have demonstrated that two-color Raman photoassociation can also be used to create molecules in the electronic ground state [11, 12, 13, 14] . Two-color photoassociation has the added benefit that the frequency difference between the two optical fields can be used to select a particular rotational-vibrational state [15, 16] . This gives photoassociation a potential advantage over Feshbach resonances since photoassociation can be used to prepare molecules in their rotational-vibrational ground state. While the molecules created via a Feshbach resonance are translationally very cold, they are vibrationally very hot and can decay to lower lying vibrational states via exoergic inelastic collisions with atoms or other molecules. For an atomic BEC, the molecular two-body decay rates are of the order 10 −11 − 10 −10 cm 3 /s, which gives a lifetime of 100µs for typical atomic densities [3, 17, 18] .
From the perspective of atom optics, the conversion of atoms into molecules via a Feshbach resonance or photoassociation is the matter-wave analog of second harmonic generation of photons in a nonlinear crystal with a χ (2) susceptibility, which has been used to create entangled photon states. Recent experiments have shown the phase coherent and momentum conserving nature of matter-wave second harmonic generation [19] . However, implicit in these analogies to nonlinear optics is that the coupling strength between atoms and molecules is not itself a quantum field.
Here we address the issue of two-photon Raman photoassociation of an atomic BEC inside of an optical cavity. In this case one of the optical fields used to induce the atom-molecule conversion is a quantized mode of a driven optical resonator while the other field is a laser with sufficient intensity to be treated as a 'classical' undepleted pump. This is reminiscent of early work done by Moore and Meystre [20] studying the coupling of a zero momentum BEC atoms to atoms with momentum ±K due to a Raman transition involving a quantized ring cavity mode and classical pump. Unlike their system, our model involves the interaction of four particles: two atoms are 'destroyed' and a molecule and cavity photon are 'created' and vice versa. Consequently, the atom-molecule-cavity interaction is analogous to χ (3) susceptibility in nonlinear optics, which is known to give rise to fourwave mixing. Coherent photoassociation inside of cavity therefore offers the prospect of novel nonlinear dynamics between the atomic, molecular, and cavity fields as well as the possibility to entangle individual photons with completely different chemical compoundsatoms and molecular dimers.
In fact, only a few papers have previously considered photoassociation inside of a cavity [21, 22] . However, unlike our model, theirs was based on single photon photoassociation, which is impractical for observing coherent atom-molecule dynamics because the molecules created are in electronic excited states and can rapidly decay due to spontaneous emission.
The authors of Ref. [21, 22] employed a positive-P distribution originally developed by Gardiner and Drummond [23] to analyze the quantum mechanicial 'phase space' dynamics of the three coupled bosonic fields. Since their interaction Hamiltonian required the absorption of a photon to create a molecule, the equation of motion for the P-distribution involved third order derivatives. Such derivatives meant that the resulting equations of motion could not be identified as a Fokker-Planck equation, which can be readily solved using standard techniques [23] . As we will show here, Raman photoassociation in which a cavity photon is created along with the molecule leads to an equation of motion for the P-distribution involving only first and second derivatives that is in the form of a Fokker-Planck equation.
Consequently, intracavity Raman photoassociation leads not only to more stable molecules but also equations of motion for quasi-phase space distributions that are more easily solved using known techniques.
Here, we analyze the semiclassical behavior for the atomic, molecular, and cavity mean fields. Our goal is to explore the stationary solutions of the coupled nonlinear mean field equations as well as the stability conditions for these solutions in terms of experimentally equations. In section IV, we discuss the implications of our results.
II. MODEL
We imagine that we start with a BEC of atoms inside of an optical cavity, as depicted in which is on the order of 1GHz [15] . This would imply a cavity Q-factor of Q ≫ 10 6 , which has respectively. ε is the rate at which the cavity is coherently driven by an external laser while γ is the decay rate for photons in the cavity.
already been achieved with individual atoms trapped inside of a Fabrey-Perot resonator [24] .
The cavity field frequency is ω c and the vacuum Rabi frequency for the |I ν → |b transition is g cav . Selective emission into a cavity mode offers a distinct advantage over using free space spontaneous emission to populate the electronic ground state of the molecules, since spontaneous emission would populate a large number of vibrational levels of the ground state as well as leading to dissociation back into the continuum [16, 25] . This selectivity along with the enhanced emission rate in a cavity due to the Purcell effect in the weak coupling regime was proposed as a possible matter wave amplifier for molecules [26] .
The internal energies of states |I ν and |b relative to pairs of atoms in |a are ω ν and ∆ω < 0, respectively. We assume that the detuning between the excited states and the pump and cavity fields satisfy,
is the lifetime of |I ν due to spontaneous emission. Under these conditions the excited state can be adiabatically eliminated, leading to two-photon Raman transitions between |a and |b with Rabi frequency
under the assumption that the cavity mode u(x) and Ω l (x) are essentially constant over the spatial extent of the internuclear wave functions for the molecules and colliding atoms [27] .
I ℓ,ν are the Frank-Condon factors for the |ℓ = a, b → |I ν transitions.
At zero temperature we can use a single-mode approximation for the molecular field as well as for the atoms. The ground state wave function for the center of mass of the molecules is denoted by ψ b (x). This approximation for the atomic and molecular field should remain valid at least for times long enough to observe dynamics lasting several Rabi periods. For longer times, one can expect that some molecules and atoms will be created with excited state wave function [28] . The resulting Hamiltonian for the atom-cavity-molecule system iŝ
whereâ,b, andê are bosonic annihilation operators for atoms, ground state molecules, and cavity photons, respectively. Moreover, the molecular operators and photon operators have been written in a rotating frame,
, to remove all time dependence from the interaction term. The coupling constant is given by
We can further simplify things by assuming that the two-photon resonance condition, ∆ω = ω l − ω c , is satisfied at all times so that the first term inĤ atom−mol is identically zero. The terms proportional to χ a and χ b represent the two body interactions between pairs of atoms and pairs of molecules, respectively. We have not explicitly included two-body interactions involving an atom interacting with a molecule because such a term can be written as
whereN =N a +2N b is the total number operator andN a =â †â andN b =b †b . Since the total number of particles is conserved, we are dealing with eigenstates ofN and the atom-molecule interaction can be absorbed into a redefinition of the atom-atom and molecule-molecule interactions.
The dynamics of the empty cavity are described by two competing processes. The first process is cavity decay, which can be treated using the standard Born-Markov master equation for the density operator [23] ,
In addition to this, the cavity is pumped by some external source. Coherent driving of the cavity by a classical source such as a laser is described by the following interaction Hamiltonian,
The complete equation of motion for the density operator is then given by,
.
The quantum dynamics of the system can be analyzed by deriving an equation of motion for the positive-P distribution, P (α, β, e, α * , β * , e * , t), which is a representation of the density operator in terms of bosonic coherent states,
whereĈ|α, β, e = c|α, β, e whereĈ =â,b,ê and c = α, β, e, respectively. Note that in general α, β, e and α * , β * , e * are to be understood as independent complex variables and not simply complex conjugates. Using Eq.(4) and standard methods [23] , a Fokker-Planck equation can be derived for the positive P-distribution P (α, β, e, t).
Unlike the equations of motion for single photon cavity assisted photoassociation derived in [21, 22] , there are no third order derivatives with respect to the fields in Eq. 6. Mathematically this originates from the different positions of the cavity field annihilation and creation operators in the interaction Hamiltonian. In [21, 22] , the interaction was of the formâ 2b †ê + h.c. while here it isâ 2b †ê † + h.c..
The most common way to solve Eq. 6 is to map α, β, e and α * , β * , e * onto a set of Ito stochastic differential equations [23] . Here we are interested only in the dynamics of the mean fields, Ĉ =c, which leads to deterministic c-number differential equations, which can be obtained from the Ito stochastic differential equations by setting all noise terms equal to zero. The resulting equations of motion are:
The next section analyzes the solutions of Eqs. 7-9.
III. STATIONARY STATES AND STABILITY
There exists two distinct cases of stationary solutions in the system. First, there is the regime of weak driving, when the stationary value of the cavity field equals zero. The opposite case occurs when the driving is strong enough to determine the cavity amplitude regardless of the values of the matter fields.
First we treat the case of weak driving with nonzero stationary values of the atom and molecule modes, and rewrite Eqs.(7-9) in polar form using
Substituting these into Eqs.(7-9) we arrive aṫ
where e R and e I are the real and imaginary parts of the cavity field mode, and where
We note that the photo-association dynamics, as given by Eqs. (12)- (15), only depends on the relative phase between atom and molecule modes, ∆, and the phase dynamics of the individual modes is thus of no interest in this situation.
As a first case we investigate the possibility of a nontrivial steady state with empty cavity e R = e I = 0. From Eq.(15) we see that sin(∆) = 0 while Eq. (14) give cos(∆) > 0, which combined show that ∆ = 0. From Eq.(12), we see that in general, all four equations cannot be satisfied if e = 0, but if the nonlinear term is neglected, a steady state is possible.
Rewriting Eq. (14) in terms of the molecule fraction,
we find the condition for stationarity
where the dimensionless constant C is given by
and represents the ratio of the rates for the two competing processes that populate the cavity with photons-pumping and emission of a photon during the atom to molecule Raman transition. In terms of C, weak driving therefore corresponds to C ≪ 1 while strong driving is C ≫ 1.
Equation Eq.(16) has two roots in the interval 0 ≤ z ≤ 1 if
where the upper limit C crit denotes the value where min P 3 (z) = 0, i.e. when the two roots coincide, which occurs for z = 1/ √ 3. In order to examine the stability of the stationary solutions, we linearize Eqs. (12)- (15) for small perturbations around the stationary values
e I (t) ≈ e I,0 + δe I (t),
where ∆ 0 = e R,0 = e I,0 = 0 and N 0 is one of the two roots of Eq. (16) . The linearized equations of motion are given by
where the nonlinear interactions have been dropped and
The eigenvalues of the Jacobian in Eq. (23) are given by
and
respectively. Stability requires that the Jacobian has all eigenvaules with negative real parts, a condition which implies N 0 > N/6, or equivalently, z 2 > 1/3. From this analysis we can conclude that for C < C crit , one root, z + > 1/ √ 3, is stable while the other root,
is unstable. At C = C crit , these two roots merge and stability is completely lost as the system passes through a saddle node bifurcation. As one can see from Eqs. (14)- (15), the factor g (N/2) 3/2 corresponds to the maximal atom-molecule polarization that absorbs energy from the cavity mode (assuming N b ≈ N).
In order to have e = 0 stationary, this coherence term in Eq. (14) has to balance the driving term given by ε. The constant C is a measure then of the ratio between these two terms, and when C > C Crit , the driving is too strong to be compensated for by the absorption, and the steady state can no longer be maintained. Fig. (3) shows the cavity amplitude and molecule fraction as a function of time for different values of C. As one can see for C > C crit , there are large amplitude nonlinear Rabi oscillations between the atomic and molecular fields.
We focus next on the case of strong driving, i.e. C ≫ C crit , which leads to a nonempty cavity. Representing the cavity field using a polar representation,
leads to the following dynamical equationṡ
for the amplitudes and phases. Again we find the stationary values corresponding to∆ = N b =Ė =Θ e = 0 in terms of the physical parameters. Here, that fact that E > 0 and 0 < N b < N/2 in the stationary state is used to assist in finding nontrivial solutions. First, forṄ b = 0, we get from Eq. (29) that cos(∆ + Θ e ) = 0, which gives sin(∆ + Θ e ) = σ = ±1.
Using this in Eq. (30) gives, together with Eq. (17) sin(Θ e ) = σ g 2ε
In the regime of strong pumping C ≫ 1 we have | sin(Θ e )| < 2 C ≪ 1, which in turn implies cos(Θ e ) ≈ 1. These results when inserted in Eq.(31), yield the cavity amplitude
which is the maximal sustainable field amplitude and is what one would expect for a cavity with no atoms or molecules in the cavity.
Using Eq.(33) in Eq. (28), we finally arrive at a cubic polynomial for the molecule number
where Next, we turn to the question of stability of the stationary solutions given by Eq.(34).
Linearizing Eqs. (28)- (31) for small perturbations around the stationary points
Θ e (t) ≈ Θ e,0 + δΘ e (t),
we get the Jacobian
where the matrix elements are given by
and where we introduced the functions 
where
Using the Routh-Hurwitz stability criterion on Eq.(45), we find that necessary conditions for the eigenvalues of the Jacobian to have non-positive real parts are
The Routh-Hurwitz stability criterion is in general only necessary, and not always sufficient [29] . Here we find, however, that the two conditions (49) and (50) 
For the case γC ≪ 1, and σ = −1 combined with the assumption that the functions f i are limited, we have χγ gε
as an approximation for the stability boundary given by Eq.(48). Fig. 5 shows the region of stability in the A-B plane.
These results indicate that for specific choices of the parameters, both stationary states will be stable. As an example of the dynamics of the mean fields near the stationary states, 
IV. SUMMARY AND CONCLUSIONS
We have investigated the semiclassical dynamics of cavity assisted photo-association of molecules. Two different cases were described in some detail, namely weak and strong pumping. For weak pumping and zero two-body interactions, the steady state cavity field is zero. From Eqs. (14)- (15) we see that for a stationary state with e = 0, the pumping has to be exactly balanced by the atom-molecule coherence, which causes absorption. We interpret this regime as that where the number of photons in the cavity is smaller than or equal to the maximum number of molecules. All of the photons injected into the cavity by the driving are used to convert a fraction of the atoms to molecules thereby leaving the cavity empty. When the pumping reaches a critical value, the system undergoes a saddle-node bifurcation and stability is lost. At this point the number of photons is greater than the maximum number of molecules and the system is able to undergo full amplitude nonlinear Rabi oscillations without fully depleting the cavity field. For strong pumping and non-zero two-body interactions, we find that there exists bistability in the molecule number in the prescence of a nonzero steady state cavity field. The bistable steady state molecule fractions are determined by the relative values of the atom-atom and molecule-molecule two-body interactions. The boundaries of the bistable region are marked by a saddle node bifurcation and a Hopf bifurcation.
In a future publication we intend to go beyond the mean-field dynamics to explore the entanglement of cavity photons with molecular dimers. The form ofĤ atom−mol ∝ i g(â †2bê − a 2b †ê † )/2 is of the same form as the four-wave mixing terms that give rise to optical phase
